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Casimir Energy and the Cosmological Constant
Remo Garattini∗
Universita` degli Studi di Bergamo, Facolta` di Ingegneria,
Viale Marconi 5, 24044 Dalmine (Bergamo) ITALY.
We regard the Wheeler-De Witt equation as a Sturm-Liouville problem with the cosmological
constant considered as the associated eigenvalue. The used method to study such a problem is a
variational approach with Gaussian trial wave functionals. We approximate the equation to one loop
in a Schwarzschild background. A zeta function regularization is involved to handle with divergences.
The regularization is closely related to the subtraction procedure appearing in the computation of
Casimir energy in a curved background. A renormalization procedure is introduced to remove the
infinities together with a renormalization group equation.
I. INTRODUCTION
One of the most fascinating and unsolved problems of
the theoretical physics of our century is the cosmological
constant. Einstein introduced his cosmological constant
Λc in an attempt to generalize his original field equations.
The modified field equations are
Rµν − 1
2
gµνR+ Λcgµν = 8piGTµν , (1)
where Λc is the cosmological constant, G is the gravita-
tional constant and Tµν is the energy-momentum tensor.
By redefining
T totµν ≡ Tµν −
Λc
8piG
gµν , (2)
one can regain the original form of the field equations
Rµν − 1
2
gµνR = 8piGT
tot
µν = 8piG
(
Tµν + T
Λ
µν
)
, (3)
at the prize of introducing a vacuum energy density and
vacuum stress-energy tensor
ρΛ =
Λc
8piG
; TΛµν = −ρΛgµν . (4)
Alternatively, Eq.(1) can be cast into the form,
Rµν − 1
2
gµνR+ Λeffgµν = 0, (5)
where we have included the contribution of the vacuum
energy density in the form Tµν = −〈ρ〉 gµν . In this case
Λc can be considered as the bare cosmological constant
Λeff = 8piGρeff = Λc + 8piG 〈ρ〉 . (6)
Experimentally, we know that the effective energy den-
sity of the universe ρeff is of the order 10
−47GeV 4. A
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crude estimate of the Zero Point Energy (ZPE) of some
field of mass m with a cutoff at the Planck scale gives
EZPE =
1
2
∫ Λp
0
d3k
(2pi)
3
√
k2 +m2 ≃ Λ
4
p
16pi2
≈ 1071GeV 4
(7)
This gives a difference of about 118 orders[1]. The ap-
proach to quantization of general relativity based on the
following set of equations
[
2κ√
g
Gijklpi
ijpikl −
√
g
2κ
(R − 2Λc)
]
Ψ [gij ] = 0 (8)
and
−2∇ipiijΨ [gij ] = 0, (9)
where R is the three-scalar curvature, Λc is the bare cos-
mological constant and κ = 8piG, is known as Wheeler-
De Witt equation (WDW)[2]. Eqs.(8) and (9) describe
the wave function of the universe. The WDW equation
represents invariance under time reparametrization in an
operatorial form, while Eq.(9) represents invariance un-
der diffeomorphism. Gijkl is the supermetric defined as
Gijkl =
1
2
(gikgjl + gilgjk − gijgkl). (10)
Note that the WDW equation can be cast into the form
[
2κ√
g
Gijklpi
ijpikl −
√
g
2κ
R
]
Ψ [gij ] = −
√
g
κ
ΛcΨ [gij ] ,
(11)
which formally looks like an eigenvalue equation. In this
paper, we would like to use the Wheeler-De Witt (WDW)
equation to estimate 〈ρ〉. In particular, we will com-
pute the gravitons ZPE propagating on the Schwarzschild
background. This choice is dictated by considering that
the Schwarzschild solution represents the only non-trivial
static spherical symmetric solution of the Vacuum Ein-
stein equations. Therefore, in this context the ZPE can
be attributed only to quantum fluctuations. The used
method will be a variational approach applied on gaus-
sian wave functional. The rest of the paper is structured
as follows, in section II, we show how to apply the vari-
ational approach to the Wheeler-De Witt equation and
2we give some of the basic rules to solve such an equation
approximated to second order in metric perturbation, in
section III, we analyze the spin-2 operator or the opera-
tor acting on transverse traceless tensors, in section IIIA,
we analyze the spin-0 operator, in section IV we use the
zeta function to regularize the divergences coming from
the evaluation of the ZPE for TT tensors and we write
the renormalization group equation, in section IVA we
use the same procedure of section IV, but for the trace
part. We summarize and conclude in section V.
II. THE WHEELER-DE WITT EQUATION AND
THE COSMOLOGICAL CONSTANT
TheWDW equation (8), written as an eigenvalue equa-
tion, can be cast into the form
ΛˆΣΨ [gij ] = Λ
′Ψ [gij ] , (12)
where


ΛˆΣ =
2κ√
g
Gijklpi
ijpikl −
√
g
2κR
Λ′ = −Λ
κ
. (13)
We, now multiply Eq.(12) by Ψ∗ [gij ] and we functionally
integrate over the three spatial metric gij , then after an
integration over the hypersurface Σ, one can formally re-
write the WDW equation as
1
V
∫ D [gij ] Ψ∗ [gij ] ∫Σ d3xΛˆΣΨ [gij ]∫ D [gij ] Ψ∗ [gij ] Ψ [gij ] =
1
V
〈
Ψ
∣∣∣∫Σ d3xΛˆΣ
∣∣∣Ψ〉
〈Ψ|Ψ〉 = Λ
′.
(14)
The formal eigenvalue equation is a simple manipulation
of Eq.(8). However, we gain more information if we con-
sider a separation of the spatial part of the metric into a
background term, g¯ij , and a perturbation, hij ,
gij = g¯ij + hij . (15)
Thus eq.(14) becomes
〈
Ψ
∣∣∣∫Σ d3x
[
Λˆ
(0)
Σ + Λˆ
(1)
Σ + Λˆ
(2)
Σ + . . .
]∣∣∣Ψ〉
〈Ψ|Ψ〉 = Λ
′Ψ [gij ] ,
(16)
where Λˆ
(i)
Σ represents the i
th order of perturbation in hij .
By observing that the kinetic part of ΛˆΣ is quadratic in
the momenta, we only need to expand the three-scalar
curvature
∫
d3x
√
gR(3) up to quadratic order and we get
∫
Σ
d3x
√
g¯
[
−1
4
h△h+ 1
4
hli△hli − 1
2
hij∇l∇ihlj
+
1
2
h∇l∇ihli − 1
2
hijRiah
a
j +
1
2
hRijh
ij +
1
4
h
(
R(0)
)
h
]
(17)
where h is the trace of hij and R
(0) is the three dimen-
sional scalar curvature. To explicitly make calculations,
we need an orthogonal decomposition for both piij and hij
to disentangle gauge modes from physical deformations.
We define the inner product
〈h, k〉 :=
∫
Σ
√
gGijklhij (x) kkl (x) d
3x, (18)
by means of the inverse WDW metric Gijkl , to have a
metric on the space of deformations, i.e. a quadratic
form on the tangent space at hij , with
Gijkl = (gikgjl + gilgjk − 2gijgkl). (19)
The inverse metric is defined on cotangent space and it
assumes the form
〈p, q〉 :=
∫
Σ
√
gGijklp
ij (x) qkl (x) d3x, (20)
so that
GijnmGnmkl =
1
2
(
δikδ
j
l + δ
i
lδ
j
k
)
. (21)
Note that in this scheme the “inverse metric” is actu-
ally the WDW metric defined on phase space. The de-
sired decomposition on the tangent space of 3-metric
deformations[3, 4, 5, 6] is:
hij =
1
3
hgij + (Lξ)ij + h
⊥
ij (22)
where the operator L maps ξi into symmetric tracefree
tensors
(Lξ)ij = ∇iξj +∇jξi −
2
3
gij (∇ · ξ) . (23)
Thus the inner product between three-geometries be-
comes
〈h, h〉 :=
∫
Σ
√
gGijklhij (x)hkl (x) d
3x =
∫
Σ
√
g
[
−2
3
h2 + (Lξ)
ij
(Lξ)ij + h
ij⊥h⊥ij
]
. (24)
With the orthogonal decomposition in hand we can define
the trial wave functional as
Ψ [hij (
−→x )] = NΨ [h⊥ij (−→x )]Ψ
[
h
‖
ij (
−→x )
]
Ψ
[
htraceij (
−→x )] ,
(25)
3where
Ψ
[
h⊥ij (
−→x )] = exp{− 14 〈hK−1h〉⊥x,y
}
Ψ
[
h
‖
ij (
−→x )
]
= exp
{
− 14
〈
(Lξ)K−1 (Lξ)
〉‖
x,y
}
Ψ
[
htraceij (
−→x )] = exp{− 14 〈hK−1h〉Tracex,y
}
. (26)
The symbol “⊥” denotes the transverse-traceless tensor
(TT) (spin 2) of the perturbation, while the symbol “‖”
denotes the longitudinal part (spin 1) of the perturba-
tion. Finally, the symbol “trace” denotes the scalar part
of the perturbation. N is a normalization factor, 〈·, ·〉x,y
denotes space integration and K−1 is the inverse “prop-
agator”. We will fix our attention to the TT tensor sec-
tor of the perturbation representing the graviton and the
scalar sector. Therefore, representation (25) reduces to
Ψ [hij (
−→x )]
= N exp
{
−1
4
〈
hK−1h
〉⊥
x,y
}
exp
{
−1
4
〈
hK−1h
〉Trace
x,y
}
.
(27)
Actually there is no reason to neglect longitudinal per-
turbations. However, following the analysis of Mazur
and Mottola of Ref.[5] on the perturbation decomposi-
tion, we can discover that the relevant components can
be restricted to the TT modes and to the trace modes.
Moreover, for certain backgrounds TT tensors can be a
source of instability as shown in Refs.[7]. Even the trace
part can be regarded as a source of instability. Indeed
this is usually termed conformal instability. The appear-
ance of an instability on the TT modes is known as non
conformal instability. This means that does not exist a
gauge choice that can eliminate negative modes. To pro-
ceed with Eq.(16), we need to know the action of some
basic operators on Ψ [hij ]. The action of the operator hij
on |Ψ〉 = Ψ [hij ] is realized by[8]
hij (x) |Ψ〉 = hij (−→x )Ψ [hij ] . (28)
The action of the operator piij on |Ψ〉, in general, is
piij (x) |Ψ〉 = −i δ
δhij (
−→x )Ψ [hij ] , (29)
while the inner product is defined by the functional inte-
gration:
〈Ψ1 | Ψ2〉 =
∫
[Dhij ] Ψ∗1 [hij ] Ψ2 [hkl] . (30)
We demand that
1
V
〈
Ψ
∣∣∣∫Σ d3xΛˆΣ
∣∣∣Ψ〉
〈Ψ|Ψ〉 =
1
V
∫ D [gij ] Ψ∗ [hij ] ∫Σ d3xΛˆΣΨ [hij ]∫ D [gij ] Ψ∗ [hij ] Ψ [hij ]
(31)
be stationary against arbitrary variations of Ψ [hij ]. Note
that Eq.(31) can be considered as the variational analog
of a Sturm-Liouville problem with the cosmological con-
stant regarded as the associated eigenvalue. Therefore
the solution of Eq.(14) corresponds to the minimum of
Eq.(31). The form of
〈
Ψ
∣∣∣ΛˆΣ
∣∣∣Ψ〉 can be computed with
the help of the wave functional (27) and with the help of

〈Ψ|hij(−→x )|Ψ〉
〈Ψ|Ψ〉 = 0
〈Ψ|hij(−→x )hkl(−→y )|Ψ〉
〈Ψ|Ψ〉 = Kijkl (
−→x ,−→y )
. (32)
Since the wave functional (27) separates the degrees of
freedom, we assume that
Λ′ = Λ
′⊥ + Λ′trace, (33)
then Eq.(31) becomes

1
V
〈Ψ|Λˆ⊥Σ |Ψ〉
〈Ψ|Ψ〉 = Λ
′⊥
1
V
〈Ψ|ΛˆtraceΣ |Ψ〉
〈Ψ|Ψ〉 = Λ
′trace
. (34)
Extracting the TT tensor contribution, we get
Λˆ⊥Σ =
1
4V
∫
Σ
d3x
√
g¯Gijkl
[
(2κ)K−1⊥ (x, x)ijkl
+
1
(2κ)
(△2)aj K⊥ (x, x)iakl
]
. (35)
The propagator K⊥ (x, x)iakl can be represented as
K⊥ (−→x ,−→y )iakl :=
∑
τ
h
(τ)⊥
ia (
−→x )h(τ)⊥kl (−→y )
2λ (τ)
, (36)
where h
(τ)⊥
ia (
−→x ) are the eigenfunctions of △2. τ denotes
a complete set of indices and λ (τ) are a set of varia-
tional parameters to be determined by the minimiza-
tion of Eq.(35). The expectation value of Λˆ⊥Σ is easily
obtained by inserting the form of the propagator into
Eq.(35)
Λ
′⊥ (λi)
=
1
4
∑
τ
2∑
i=1
[
(2κ)λi (τ) +
ω2i (τ)
(2κ)λi (τ)
]
. (37)
By minimizing with respect to the variational function
λi (τ), we obtain the total one loop energy density for
TT tensors
ΛTT (λi) =
1
4
∑
τ
[√
ω21 (τ) +
√
ω22 (τ)
]
, (38)
where
ΛTT (λi) = Λ
′⊥ (λi) = −Λ⊥ (λi) /κ. (39)
The above expression makes sense only for ω2i (τ) > 0.
4III. THE TRANSVERSE TRACELESS (TT)
SPIN 2 OPERATOR FOR THE
SCHWARZSCHILD METRIC AND THE W.K.B.
APPROXIMATION
The Spin-two operator for the Schwarzschild metric is
defined by
(△2hTT )ji := −
(△ThTT )ji + 2
(
RhTT
)j
i
, (40)
where the transverse-traceless (TT) tensor for the
quantum fluctuation is obtained by the following
decomposition
hji = h
j
i −
1
3
δji h+
1
3
δji h =
(
hT
)j
i
+
1
3
δji h. (41)
This implies that
(
hT
)j
i
δij = 0. The transversality con-
dition is applied on
(
hT
)j
i
and becomes ∇j
(
hT
)j
i
= 0.
Thus
− (△ThTT )ji = −△S
(
hTT
)j
i
+
6
r2
(
1− 2MG
r
)
, (42)
where △S is the scalar curved Laplacian, whose form is
△S =
(
1− 2MG
r
)
d2
dr2
+
(
2r − 3MG
r2
)
d
dr
− L
2
r2
(43)
and Raj is the mixed Ricci tensor whose components are:
Rai =
{
−2MG
r3
,
MG
r3
,
MG
r3
}
, (44)
This implies that the scalar curvature is traceless. We are
therefore led to study the following eigenvalue equation
(△2hTT )ji = ω2hij (45)
where ω2 is the eigenvalue of the corresponding equa-
tion. In doing so, we follow Regge and Wheeler in analyz-
ing the equation as modes of definite frequency, angular
momentum and parity[9]. In particular, our choice for
the three-dimensional gravitational perturbation is rep-
resented by its even-parity form
(heven)
i
j (r, ϑ, φ)
= diag [H (r) ,K (r) , L (r)]Ylm (ϑ, φ) , (46)
with


H (r) = h11 (r) − 13h (r)
K (r) = h22 (r)− 13h (r)
L (r) = h33 (r)− 13h (r)
. (47)
From the transversality condition we obtain h22 (r) =
h33 (r). Then K (r) = L (r). For a generic value of the an-
gular momentum L, representation (46) joined to Eq.(42)
lead to the following system of PDE’s


(−△S + 6r2 (1− 2MGr )− 4MGr3 )H (r) = ω21,lH (r)
(−△S + 6r2 (1− 2MGr )+ 2MGr3 )K (r) = ω22,lK (r)
.
(48)
Defining reduced fields
H (r) =
f1 (r)
r
; K (r) =
f2 (r)
r
, (49)
and passing to the proper geodesic distance from the
throat of the bridge
dx = ± dr√
1− 2MG
r
, (50)
the system (48) becomes


[
− d2
dx2
+ V1 (r)
]
f1 (x) = ω
2
1,lf1 (x)
[
− d2
dx2
+ V2 (r)
]
f2 (x) = ω
2
2,lf2 (x)
(51)
with 

V1 (r) =
l(l+1)
r2
+ U1 (r)
V2 (r) =
l(l+1)
r2
+ U2 (r)
, (52)
where we have defined r ≡ r (x) and

U1 (r) =
[
6
r2
(
1− 2MG
r
)− 3MG
r3
]
U2 (r) =
[
6
r2
(
1− 2MG
r
)
+ 3MG
r3
] . (53)
Note that

U1 (r) ≥ 0 when r ≥ 5MG2
U1 (r) < 0 when 2MG ≤ r < 5MG2
U2 (r) > 0 ∀r ∈ [2MG,+∞)
. (54)
The functions U1 (r) and U2 (r) play the roˆle of two r-
dependent effective masses m21 (r) and m
2
2 (r), respec-
tively. In order to use the WKB approximation, we define
two r-dependent radial wave numbers k1 (r, l, ω1,nl) and
k2 (r, l, ω2,nl)

k21 (r, l, ω1,nl) = ω
2
1,nl − l(l+1)r2 −m21 (r)
k22 (r, l, ω2,nl) = ω
2
2,nl − l(l+1)r2 −m22 (r)
(55)
for r ≥ 5MG2 . When 2MG ≤ r < 5MG2 , k21 (r, l, ω1,nl)
becomes
k21 (r, l, ω1,nl) = ω
2
1,nl −
l (l + 1)
r2
+m21 (r) . (56)
5A. The trace part contribution
The trace part of the perturbation can be extracted
from Eq.(17) to give
∫
Σ
d3x
√
g¯
[
−1
4
h△h+ 1
2
h∇l∇ihli (57)
+
1
2
hRijh
ij +
1
4
h
(
R(0)
)
h
]
. (58)
Some remark before proceeding is in order. First of all
one has to note the minus sign in front of the laplacian
acting on the scalar term: this is the origin of the con-
formal instability. Secondly the use of gaussian wave
functionals leads to a further simplification in Eq.(58),
because mixed terms of the type h (some operator)hTT
disappear. Last for some backgrounds like the one we
have considered here the three scalar curvature vanishes.
Therefore the only piece of the quadratic order coming
from the scalar curvature expansion is
∫
Σ
d3x
√
g¯
[
−1
4
h△h
]
. (59)
Moreover, if we follow the orthogonal decomposition of
Eq.(22), we can write
piij =
1
3
pigij + pi
long
ij + pi
⊥
ij , (60)
then the trace part of ΛˆΣ becomes
−2κ
6
∫
Σ
d3x
pi2√
g¯
− 1
2κ
∫
Σ
d3x
√
g¯
(
−1
4
h△h
)
. (61)
By repeating the scheme of calculation of section II to the
trace part in Eq.(61), we get the scalar part contribution
to the ZPE
ΛˆtraceΣ = −
1
4V
∫
Σ
d3x
√
g¯
[
1
6
(2κ)K−1 (x, x)
+
1
(2κ)
(△)K (x, x)
]
. (62)
The propagator K (x, x) can be represented as
K⊥ (−→x ,−→y ) :=
∑
τ
h(τ) (−→x )h(τ) (−→y )
2λ (τ)
, (63)
where h(τ) (−→x ) are the eigenfunctions of △. τ denotes
a complete set of indices and λ (τ) are a set of vari-
ational parameters to be determined by the minimiza-
tion of Eq.(62). The expectation value of ΛˆtraceΣ is easily
obtained by inserting the form of the propagator into
Eq.(62)
Λ
′trace (λi)
= −1
4
∑
τ
[
1
6
(2κ)λ (τ) +
ω2 (τ)
(2κ)λ (τ)
]
. (64)
By minimizing with respect to the variational function
λ (τ), we obtain the total one loop energy density for the
scalar component
Λtrace (λ) = −1
4
√
2
3
∑
τ
[√
ω2 (τ)
]
, (65)
where Λtrace (λ) = (Λ′)trace (λ) = −Λtrace (λ) /κ. The
above expression makes sense only for ω2 (τ) > 0. In
the Schwarzschild background, the operator △ can be
identified with the operator △S of Eq.(43). If we repeat
the same steps leading to Eq.(51), we get
[
− d
2
dx2
+ V (r)
]
f (x) = ω2l f (x) , (66)
where we have defined
h (r) =
f (r)
r
(67)
and used the proper distance from the throat defined by
Eq.(50). In order to use a W.K.B. approximation, we
define a r-dependent radial wave number k (r, l, ωnl)
k2 (r, l, ωnl) = ω
2
nl −
l (l + 1)
r2
− MG
r3
(68)
IV. ONE LOOP ENERGY REGULARIZATION
AND RENORMALIZATION
In this section, we proceed to evaluate Eq.(38). The
method is equivalent to the scattering phase shift method
and to the same method used to compute the entropy in
the brick wall model. We begin by counting the number
of modes with frequency less than ωi, i = 1, 2. This is
given approximately by
g˜ (ωi) =
∫
νi (l, ωi) (2l+ 1) , (69)
where νi (l, ωi), i = 1, 2 is the number of nodes in the
mode with (l, ωi), such that (r ≡ r (x))
νi (l, ωi) =
1
2pi
∫ +∞
−∞
dx
√
k2i (r, l, ωi). (70)
Here it is understood that the integration with respect
to x and l is taken over those values which satisfy
k2i (r, l, ωi) ≥ 0, i = 1, 2. With the help of Eqs.(69, 70),
we obtain the one loop total energy for TT tensors
1
8pi
2∑
i=1
∫ +∞
−∞
dx
[∫ +∞
0
ωi
dg˜ (ωi)
dωi
dωi
]
. (71)
6By extracting the energy density contributing to the cos-
mological constant, we get
ΛTT =
1
16pi2
∫ +∞
0
ω2i
√
ω2i +m
2
i (r)dωi, (72)
where we have included an additional 4pi coming from the
angular integration. We use the zeta function regulariza-
tion method to compute the energy densities ρ1 and ρ2.
Note that this procedure is completely equivalent to the
subtraction procedure of the Casimir energy computa-
tion where the zero point energy (ZPE) in different back-
grounds with the same asymptotic properties is involved.
To this purpose, we introduce the additional mass pa-
rameter µ in order to restore the correct dimension for
the regularized quantities. Such an arbitrary mass scale
emerges unavoidably in any regularization scheme. Then
we have
ρi (ε) =
1
16pi2
µ2ε
∫ +∞
0
dωi
ω2i
(ω2i +m
2
i (r))
ε− 1
2
, (73)
where

ρ1 =
1
16pi2
∫ +∞
0 ω
2
1
√
ω21 +m
2
1 (r)dω1
ρ2 =
1
16pi2
∫ +∞
0 ω
2
2
√
ω22 +m
2
2 (r)dω2
. (74)
The integration has to be meant in the range where ω2i +
m2i (r) ≥ 01. One gets
ρi (ε) = −m
2
i (r)
256pi2
[
1
ε
+ ln
(
µ2
m2i (r)
)
+ 2 ln 2− 1
2
]
, (75)
i = 1, 2. In order to renormalize the divergent ZPE, we
observe that from Eq.(72), after reinserting the gravita-
tional constant, we write
ΛTT = −8piG (ρ1 (ε) + ρ2 (ε)) . (76)
To handle with the divergent energy density we extract
the divergent part of ΛTT , in the limit ε→ 0 and we set
ΛTT,div =
G
32piε
(
m41 (r) +m
4
2 (r)
)
. (77)
Thus, the renormalization is performed via the absorp-
tion of the divergent part into the re-definition of the
bare classical constant ΛTT
ΛTT → ΛTT0 − ΛTT,div. (78)
The remaining finite value for the cosmological constant
reads
ΛTT0
8piG
=
1
256pi2
{
m41 (r)
[
ln
(
µ2
m21 (r)
)
+ 2 ln 2− 1
2
]
1 Details of the calculation can be found in the Appendix.
+m42 (r)
[
ln
(
µ2
m22 (r)
)
+ 2 ln 2− 1
2
]}
= ρTTeff (µ, r) .
(79)
The quantity in Eq.(79) depends on the arbitrary mass
scale µ. It is appropriate to use the renormalization group
equation to eliminate such a dependence. To this aim,
we impose that[10]
1
8piG
µ
∂ΛTT0 (µ)
∂µ
= µ
d
dµ
ρTTeff (µ, r) . (80)
Solving it we find that the renormalized constant ΛTT0
should be treated as a running one in the sense that it
varies provided that the scale µ is changing
ΛTT0 (µ, r) = Λ
TT
0 (µ0, r) +
G
16pi
(
m41 (r) +m
4
2 (r)
)
ln
µ
µ0
.
(81)
Substituting Eq.(81) into Eq.(79) we find
ΛTT0 (µ0, r)
8piG
=
1
256pi2
{
m41 (r)
[
ln
(
m21 (r)
µ20
)
− 2 ln 2 + 1
2
]
(82)
+m42 (r)
[
ln
(
m22 (r)
µ20
)
− 2 ln 2 + 1
2
]}
. (83)
In order to fix the dependence of Λ on r and M , we find
the minimum of ΛTT0 (µ0, r). To this aim, last equation
can be cast into the form2
ΛTT0 (µ0, r)
8piG
=
µ40
256pi2
{
x2 (r)
[
ln
( |x (r)|
4
)
+
1
2
]
(84)
+y2 (r)
[
ln
(
y (r)
4
)
+
1
2
]}
, (85)
where x (r) = ±m21 (r) /µ20 and y (r) = m22 (r) /µ20. Now
we find the extrema of Λ0 (µ0;x (r) , y (r)) in the range
5MG
2 ≤ r and we get {
x (r) = 0
y (r) = 0
, (86)
which is never satisfied and{
x (r) = 4/e
y (r) = 4/e
=⇒
{
m21 (r) = 4µ
2
0/e
m22 (r) = 4µ
2
0/e
. (87)
2 Recall Eqs.(55, 56), showing a change of sign in m21 (r). Even if
this is not the most appropriate notation to indicate a change
of sign in a quantity looking like a “square effective mass”, this
reveals useful in the zeta function regularization and in the serch
for extrema.
7which implies M = 0 and r¯ =
√
3e/2µ0. On the other
hand, in the range 2MG ≤ r < 5MG2 , we get again{
x (r) = 0
y (r) = 0
, (88)
which has no solution and{ −m21 (r) = 4µ20/e
m22 (r) = 4µ
2
0/e
, (89)
which implies {
M¯ = 4µ20r¯
3/3eG
r¯ =
√
6e/4µ0
. (90)
Eq.(85) evaluated on the minimum, now becomes
ΛTT0
(
M¯, r¯
)
= − µ
4
0G
2e2pi
. (91)
It is interesting to note that thanks to the renormaliza-
tion group equation (80), we can directly compute ΛTT0
at the scale µ0 and only with the help of Eq.(81), we have
access at the scale µ.
A. One loop energy Regularization and
Renormalization for the trace
As for the Eq.(72), the energy density associated with
Λtrace is
Λtrace = −
√
2
3
1
64pi2
∫ +∞
0
ω2
√
ω2 − MG
r3
dω
= −
√
2
3
1
64pi2
∫ +∞
0
ω2
√
ω2 −m2 (r)dω, (92)
where we have defined
m2 (r) =
MG
r3
. (93)
The use of the zeta function regularization leads to
ρtrace (ε) = −
√
2
3
1
64pi2
µ2ε
∫ +∞
0
dω
ω2
(ω2 −m2 (r))ε− 12
=
√
2
3
m4 (r)
1024pi2
[
1
ε
+ ln
(
µ2
m2 (r)
)
+ 2 ln 2− 1
2
]
. (94)
In order to renormalize the divergent trace contribution
to ZPE, we observe that from Eq.(72), we get
Λtrace = 8piGρtrace. (95)
To handle with the divergent energy density we extract
the divergent part of Λtrace, in the limit ε → 0 and we
set
Λtrace,div =
√
2
3
G
128piε
m4 (r) . (96)
Thus, the renormalization is performed via the absorp-
tion of the divergent part into the re-definition of the
bare classical constant Λtrace
Λtrace → Λtrace0 − Λtrace,div. (97)
Therefore, the remaining finite value for the cosmological
constant reads
Λtrace0
8piG
=
√
2
3
m4 (r)
1024pi2
[
ln
(
µ2
m2 (r)
)
+ 2 ln 2− 1
2
]
= ρtraceeff (µ, r)
(98)
As for the quantity in Eq.(79), we have a dependence on
the arbitrary mass scale µ. The use of the renormalization
group equation gives
1
8piG
µ
∂Λtrace0 (µ)
∂µ
= µ
d
dµ
ρtraceeff (µ, r) . (99)
Solving Eq.(99), we find a running Λtrace0 provided that
the scale µ is changing
Λtrace0 (µ, r) = Λ
trace
0 (µ0, r) +
√
2
3
m4 (r)
64pi
G ln
µ
µ0
. (100)
Substituting Eq.(100) into Eq.(98) we find
Λtrace0 (µ0, r)
8piG
= −
√
2
3
m4 (r)
1024pi2
[
ln
(
m2 (r)
µ20
)
− 2 ln 2 + 1
2
]
. (101)
If we adopt the same procedure of finding the minimum
for Λtrace0 (µ0, r) we discover that the only consistent so-
lution is for M = 0. This leads to the conclusion that
the trace part of the perturbation does not contribute to
the cosmological constant.
V. SUMMARY AND CONCLUSIONS
In this paper, we have considered how to extract
information on the cosmological constant using the
Wheeler-De Witt equation. In particular, by means
of a variational approach and a orthogonal decompo-
sition of the modes, we have studied the contribution
of the transverse-traceless tensors and the trace in a
Schwarzschild background. The use of the zeta function
and a renormalization group equation have led to Eq.(91)
and recalling Eq.(39), we have obtained


Λ⊥0
(
M¯, r¯
)
=
µ4
0
G
2e2pi
Λtrace0
(
M¯, r¯
)
= 0
. (102)
8If we choose to fix the renormalization point µ0 = mp,
we obtain approximately Λ⊥0
(
M¯, r¯
) ≃ 1037GeV 2 which,
in terms of energy density is in agreement with the es-
timate of Eq.(7). Once fixed the scale µ0, we can see
what happens at the cosmological constant at the scale
µ, by means of Eq.(81). What we see is that the cosmo-
logical constant is vanishing at the sub-planckian scale
µ = mp exp
(− 14), but unfortunately is a scale which is
very far from the nowadays observations. However, the
analysis is not complete. Indeed, we have studied the
spectrum in a W.K.B. approximation with the following
condition k2i (r, l, ωi) ≥ 0, i = 1, 2. Thus to complete
the analysis, we need to consider the possible existence
of nonconformal unstable modes, like the ones discov-
ered in Refs.[7]. If such an instability appears, this does
not mean that we have to reject the solution. In fact
in Ref.[11], we have shown how to cure such a problem.
In that context, a model of “space-time foam” has been
introduced in a large N wormhole approach reproduc-
ing a correct decreasing of the cosmological constant and
simultaneously a stabilization of the system under exam-
ination. Unfortunately in that approach a renormaliza-
tion scheme was missing and a W.K.B. approximation on
the wave function has been used to recover a Schro¨dinger-
like equation. The possible next step is to repeat the
scheme we have adopted here in a large N context, to re-
cover the correct vanishing behavior of the cosmological
constant.
APPENDIX A: THE ZETA FUNCTION
REGULARIZATION
In this appendix, we report details on computation
leading to expression (73). We begin with the following
integral
ρ (ε) =


I+ = µ
2ε
∫ +∞
0
dω ω
2
(ω2+m2(r))ε−
1
2
I− = µ2ε
∫ +∞
0
dω ω
2
(ω2−m2(r))ε− 12
, (A1)
with m2 (r) > 0.
1. I+ computation
If we define t = ω/
√
m2 (r), the integral I+ in Eq.(A1)
becomes
ρ (ε) = µ2εm4−2ε (r)
∫ +∞
0
dt
t2
(t2 + 1)
ε− 1
2
=
1
2
µ2εm4−2ε (r)B
(
3
2
, ε− 2
)
1
2
µ2εm4−2ε (r)
Γ
(
3
2
)
Γ (ε− 2)
Γ
(
ε− 12
)
=
√
pi
4
m4 (r)
(
µ2
m2 (r)
)ε
Γ (ε− 2)
Γ
(
ε− 12
) , (A2)
where we have used the following identities involving the
beta function
B (x, y) = 2
∫ +∞
0
dt
t2x−1
(t2 + 1)
x+y Rex > 0,Re y > 0
(A3)
related to the gamma function by means of
B (x, y) =
Γ (x) Γ (y)
Γ (x+ y)
. (A4)
Taking into account the following relations for the Γ-
function
Γ (ε− 2) = Γ(1+ε)
ε(ε−1)(ε−2)
Γ
(
ε− 12
)
=
Γ(ε+ 12 )
ε− 1
2
, (A5)
and the expansion for small ε
Γ (1 + ε) = 1− γε+O (ε2)
Γ
(
ε+ 12
)
= Γ
(
1
2
)− εΓ (12) (γ + 2 ln 2) +O (ε2)
xε = 1 + ε lnx+O
(
ε2
)
,
(A6)
where γ is the Euler’s constant, we find
ρ (ε) = −m
4 (r)
16
[
1
ε
+ ln
(
µ2
m2 (r)
)
+ 2 ln 2− 1
2
]
. (A7)
2. I− computation
If we define t = ω/
√
m2 (r), the integral I− in Eq.(A1)
becomes
ρ (ε) = µ2εm4−2ε (r)
∫ +∞
0
dt
t2
(t2 − 1)ε− 12
=
1
2
µ2εm4−2ε (r)B
(
ε− 2, 3
2
− ε
)
1
2
µ2εm4−2ε (r)
Γ
(
3
2 − ε
)
Γ (ε− 2)
Γ
(− 12)
= − 1
4
√
pi
m4 (r)
(
µ2
m2 (r)
)ε
Γ
(
3
2
− ε
)
Γ (ε− 2) , (A8)
where we have used the following identity involving the
beta function
1
p
B
(
1− ν − µ
p
, ν
)
=
∫ +∞
1
dttµ−1 (tp − 1)ν−1
p > 0,Re ν > 0,Reµ < p− pRe ν
(A9)
9and the reflection formula
Γ (z) Γ (1− z) = −zΓ (−z) Γ (z) (A10)
From the first of Eqs.(A5) and from the expansion for
small ε
Γ
(
3
2
− ε
)
= Γ
(
3
2
)
(1− ε (−γ − 2 ln 2 + 2)) +O (ε2)
xε = 1 + ε lnx+O
(
ε2
)
, (A11)
we find
ρ (ε) = −m
4 (r)
16
[
1
ε
+ ln
(
µ2
m2 (r)
)
+ 2 ln 2− 1
2
]
.
(A12)
[1] For a pioneering review on this problem see S. Wein-
berg, Rev. Mod. Phys. 61, 1 (1989). For more recent and
detailed reviews see V. Sahni and A. Starobinsky, Int. J.
Mod. Phys.D 9, 373 (2000), astro-ph/9904398; N. Strau-
mann, The history of the cosmological constant problem
gr-qc/0208027; T.Padmanabhan, Phys.Rept. 380, 235
(2003), hep-th/0212290.
[2] B. S. DeWitt, Phys. Rev. 160, 1113 (1967).
[3] M. Berger and D. Ebin, J. Diff. Geom. 3, 379 (1969).
[4] J. W. York Jr., J. Math. Phys., 14, 4 (1973); Ann. Inst.
Henri Poincare´ A 21, 319 (1974).
[5] P. O. Mazur and E. Mottola, Nucl. Phys. B 341, 187
(1990).
[6] D.V. Vassilevich, Int. J. Mod. Phys. A 8, 1637 (1993).
D. V. Vassilevich, Phys. Rev. D 52 999 (1995);
gr-qc/9411036.
[7] D.J. Gross, M.J. Perry and L.G. Yaffe, Phys. Rev. D
25, (1982) 330. B. Allen, Phys. Rev. D 30 1153 (1984).
E. Witten, Nucl Phys B 195 481 (1982). P. Ginsparg
and M.J. Perry, Nucl. Phys. B 222 (1983) 245. R.E.
Young, Phys. Rev. D 28, (1983) 2436. R.E. Young,
Phys. Rev. D 28 (1983) 2420. S.W. Hawking and D.N.
Page, Commun. Math. Phys. 87, 577 (1983). R. Gre-
gory and R. Laflamme, Phys. Rev. D 37 305 (1988).
R. Garattini, Int. J. Mod. Phys. A 14, 2905 (1999);
gr-qc/9805096. E Elizalde, S Nojiri and S D Odintsov,
Phys. Rev. D 59 (1999) 061501; hep-th 9901026. M.S.
Volkov and A. Wipf, Nucl. Phys. B 582 (2000), 313;
hep-th/0003081. R. Garattini, Class. Quant. Grav. 17,
3335 (2000); gr-qc/0006076. T. Prestidge, Phys. Rev. D
61, (2000) 084002; hep-th/9907163. S.S. Gubser and I.
Mitra, Instability of charged black holes in Anti-de Sit-
ter space, hep-th/0009126; R. Garattini, Class. Quant.
Grav. 18, 571 (2001); gr-qc/0012078. S.S. Gubser and I.
Mitra, JHEP 8 (2001) 18. J.P. Gregory and S.F. Ross,
Phys. Rev. D 64 (2001) 124006, hep-th/0106220. H.S.
Reall, Phys. Rev. D 64 (2001) 044005, hep-th/0104071.
G. Gibbons and S.A. Hartnoll, Phys. Rev. D 66 (2001)
064024, hep-th/0206202.
[8] A. K. Kerman and D. Vautherin, Ann. Phys., 192, 408
(1989); J. M. Cornwall, R. Jackiw and E. Tomboulis,
Phys. Rev. D 8, (1974) 2428; R. Jackiw in Se´minaire de
Mathe´matiques Supe´rieures, Montre´al, Que´bec, Canada-
June 1988 - Notes by P. de Sousa Gerbert ; M. Consoli
and G. Preparata, Phys. Lett. B, 154, 411 (1985).
[9] T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063
(1957).
[10] J.Perez-Mercader and S.D. Odintsov, Int. J. Mod. Phys.
D 1, 401 (1992). I.O. Cherednikov, Acta Physica Slovaca,
52, (2002), 221. I.O. Cherednikov, Acta Phys. Polon.
B 35, 1607 (2004). M. Bordag, U. Mohideen and V.M.
Mostepanenko, Phys. Rep. 353, 1 (2001). Inclusion of
non-perturbative effects, namely beyond one-loop, in de
Sitter QuantumGravity have been discussed in S. Falken-
berg and S. D. Odintsov, Int. J. Mod. Phys. A 13, 607
(1998); hep-th 9612019.
[11] R. Garattini, Int. J. Mod. Phys. D 4, 635 (2002);
gr-qc/0003090.
[12] I.S. Gradshteyn and I.M. Ryzhik, Table of Integrals,
Series, and Products (corrected and enlarged edition),
edited by A. Jeffrey (Academic Press, Inc.).
